if the coordinate system is such that separation of variables is possible. ξ, η and φ are the three independent variables, and /c and μ represent arbitrary complex parameters. In general U κ , μ will not be regular and one-valued over the whole space, but will be so for special values of /c and μ. Let ξ', ΎJ and φ r be functions of ξ, τj y and φ resulting from a translation or rotation of the coordinate system then a relation which expresses U κ^ ( jς, η ; , φ f ) as a summation of terms of the form U Ktμ (ξ, η, φ) is called an addition theorem.
Addition theorems for cylindrical and spherical coordinate systems are well known. These are the addition theorems for Bessel and Hankel functions, Legendre polynomials, spherical harmonics, Mathieu functions and spheroidal wave functions (see Meixner and Schafke [5] and Erdelyi [2] ).
It is proposed to derive such addition theorems for those functions of the paraboloid of revolution which are regular and one-valued in the whole space. As will be seen subsequently, these restrictions are not always necessary. That such theorems might exist can be inferred from the invariance of ΔU under rotations and translations of space, and from the fact that the family of solutions that are everywhere regular and one-valued will be mapped onto itself by motions of space.
It is possible to derive several of these theorems by using known addition theorems. For example, it is possible to derive linear relations between the functions of the paraboloid of revolution and spherical harmonics. Since an addition theorem under a rotation of coordinates is known for the latter functions, it is possible to derive one for the functions of the paraboloid of revolution. The method of separation of variables then shows, that the solution U can be expressed in terms of functions of the type
In the notation of Buchholz [1] , these can be represented by
In case μ is an integer, w l ί( -2ikξ) must be derived by a limit process from the above definition. Similarly and When μ is an integer the function m£(z) is regular and single-valued over the entire space ivφz) in general is neither single-valued nor regular.
For the case χ=rc+ μ the function m$(z) can be expressed in terms of the more familiar Laguerre polynomials However, the more general notation introduced by Buchholz in his book on confluent hypergeometric functions will be used throughout this article.
The generating function for the functions^
is known as the Hardy-Hille expansion (for proof and additional reference see [1] .) For the sake of completeness, it will be stated as a theorem.
The case in which μ is a negative integer must be treated with some care. From the limit relationship [1] lim m
A relationship between the spherical wave functions and the parabolic functions can now be established. The Fourier expansions of a plane wave in cylindrical and spherical coordinates respectively are [4] exp ( If we substitute ~~ for cos Ψ here, introduce parabolic coordinates, and then use Theorem 1, we obtain an expression for G V (P, t) in terms of spherical harmonics :
The right-hand side of (2) can be expanded in a power series in t by using
The left-hand side of (2) has been defined as a power series in t by equation (1) . Comparing coefficients of equal powers of t in this series leads to
That the above series converges everywhere follows from the fact that a(n; m, s)P™(cos θ) behaves like a power of n for large n, but j n (kr) is
In order to find the inverse to the above relationship, the variable w t is replaced by w in (2) . From the resulting power series expansion 1 -w it now follows that (4)
The following vectors and matrices can now be defined : With this notation the system of equations represented by (4) can be written as
In order to express the spherical functions in terms of parabolic functions it is necessary to invert the system (5) It is not permissible to interchange the two summations in (6) 
L 1 + ίJ rc=o
Using this expression in (7), expanding and multiplying the power series in t and comparing coefficients, we obtain the following. The case where μ is an integer must be handled as a limiting case. To determine the addition theorem one must expand both sides in powers of t and compare coefficients. Using Another method by which such addition theorems can be derived is to take advantage of a theorem by Friedman [3] , which is an addition theorem for spherical harmonics under translations of the coordinate system. This theorem in combination with Theorem 2 will yield an addition theorem, but in a very cumbersome form. Conversely the theorem for spherical harmonics could be derived by using Theorems 2 and 4.
A similar plan will be used in the next section. The addition theorem for spherical harmonics under rotations of the coordinate system in combination with Theorem 2 yields the corresponding theorem for parabolic functions.
5 The addition theorem resulting from a rotation of coordinates. Since a rotation about the axis of symmetry, namely the z-axis, yields trivial results, a rotation about the y-axis will be used without loss of generality. Let z=z ' cos Ψ-x'sin Ψ ( 9 ) x=x' co Under this rotation the following addition theorem holds for the spherical harmonics [2] : For a differential translation dd this expression reduces to For negative integral values of μ one can use limit processes. To derive the analogous theorem for a rotation of coordinates it is first necessary to derive the addition theorem for the spherical harmonics. This can be done conveniently by starting with the following definition of the spherical harmonics [2] : follows from
If Ψ is taken to be a differential angle d^ in (12), then one obtains from (11) Equation (2) written in the form G, U (P, t) m + 1; J
